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Abstract

We study empirical Bayes estimation of the guarantee lifetime y in a two-parameter exponential distribution having a

probability density pðxjy; bÞ ¼ ð1=bÞ expð�ðx� yÞ=bÞIðx� yÞ with unknown scale parameter b. An empirical Bayes

estimator jn
n is proposed and its associated asymptotic optimality is studied. It is shown that jn

n is asymptotically optimal

in the sense that its regret converges to zero at a rate n�2r=ð2rþ1Þ, where n is the number of past observations available and r

is a positive integer related to the prior distribution G.

r 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Recently, there is a growing interest in empirical Bayes theory for some family of distributions. For
instance, Nogami (1988) and Huang and Liang (1997a,b) study empirical Bayes procedures for uniform
distributions. Singh and Prasad (1989) and Prasad and Singh (1990) investigate empirical Bayes procedures for
estimating the guarantee lifetime in a two-parameter exponential distribution. Tiwari and Zalkikar (1990) and
Liang (1993) consider empirical Bayes estimation problems for Pareto distributions. Datta (1991, 1994) and Li
and Gupta (2001, 2003) study empirical Bayes procedures for truncation-parameter distributions. Huang
(1995) and Huang and Liang (1997a,b) study empirical Bayes procedures for truncation-parameter
distributions using linex error loss. Balakrishnan and Ma (2002) and Liang (2003) study empirical Bayes
procedures for a location parameter in a shifted gamma distribution.

In this paper, we consider a two-parameter exponential distribution having a probability density function

pðxjy; bÞ ¼
1

b
exp

�ðx� yÞ
b

� �
Iðx� yÞ, (1.1)
e front matter r 2006 Elsevier B.V. All rights reserved.
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where y40 is the guarantee lifetime parameter and IðxÞ ¼ 1 if x40, and 0 otherwise. Singh and Prasad (1989)
and Prasad and Singh (1990) consider the problem of estimating the guarantee lifetime parameter y. They
propose some empirical Bayes estimators for y under the situation that the scale parameter b is known.
However, it is noted that in many practical applications, the value of the parameter b may not be known.
Therefore, it is useful and important to consider the problem of estimation for the guarantee time parameter y
when b is unknown.

In the empirical Bayes setup, the parameter y is a realization of a positive random variable Y having an
unknown prior distribution G. Throughout the paper, we assume the following :

Assumption A. The prior distribution G has a density g satisfying
ðA1Þ
 g is decreasing in y40 and gðyÞ ¼ 0 for y4b for some known value b, 0obo1.

ðA2Þ
 g is ðr� 1Þ times differentiable and gðr�1ÞðyÞ is continuous on ½0; b�.
The paper is organized as follows. The estimation problem is formulated in Section 2 and a Bayes estimator
is derived. Then the empirical Bayes framework of this estimation problem is introduced in Section 3. By
mimicking the form of the Bayes estimator, an empirical Bayes estimator jn

n is constructed. The asymptotic
optimality of jn

n is investigated in Section 4. Under Assumption A, jn
n is shown to be asymptotically optimal

that its corresponding regret converges to zero at a rate n�2r=ð2rþ1Þ, where n is the number of past observations.
2. Bayes estimation

Let X 1; . . . ;X m be a sample of size m from a two-parameter exponential distribution having a probability
density pðxjy;bÞ given by (1.1). Let Y ¼ minðX 1; . . . ;X mÞ and W ¼

Pm
i¼1X i �mY . For a given ðy; bÞ, Y

follows a two-parameter exponential distribution with probability density

f ðyjy;bÞ ¼
m

b
exp

�mðy� yÞ
b

� �
Iðy� yÞ, (2.1)

and distribution of 2W=b follows w2ð2ðm� 1ÞÞ, the chi-square with df 2ðm� 1Þ. We denote the probability
density of W by gðwjbÞ. Y and W are then independent, and ðY ;W Þ is sufficient for the parameters ðy;bÞ. It is
assumed that the value of the scale parameter b is fixed but unknown, and the parameter y is a realization of a
positive random variable Y, which follows an unknown prior distribution G fulfilling Assumption A. Thus,
f GðyjbÞ ¼

R
f ðyjy;bÞdG ðyÞ is the marginal probability density of Y. Let F GðyjbÞ denote the accumulative

distribution associated with f GðyjbÞ. Following Prasad and Singh (1990), the prior distribution G can be
expressed as

GðyÞ ¼ FGðyjbÞ þ
b
m

f GðyjbÞ. (2.2)

Since we are interested in Bayes and empirical Bayes estimators of the parameter y, we may consider
estimators based on ðY ;W Þ. Using the square error loss, given ðY ;W Þ ¼ ðy;wÞ, the Bayes estimator jGðy;wÞ is
the posterior mean of Y, i.e.

jGðy;wÞ ¼ E½YjðY ;W Þ ¼ ðy;wÞ� ¼

R y

0 yf ðyjy; bÞgðwjbÞdGðyÞR y

0 f ðyjy; bÞgðwjbÞdGðyÞ

¼

R y

0 yf ðyjy;bÞdGðyÞR y

0 f ðyjy;bÞdG ðyÞ
¼

R y

0 yemy=b dGðyÞR y

0 e
my=bdGðyÞ

py. ð2:3Þ

Note that jGðy;wÞ is independent of w and hence is denoted by jGðyÞ.
Using the identity relationship (2.2), we can obtainZ y

0

yf ðyjy; bÞdGðyÞ ¼ yf GðyjbÞ �
Z y

0

exp
�mðy� yÞ

b

� �
dF GðyjbÞ.
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Therefore,

jGðyÞ ¼

R y

0
yf ðyjy; bÞdGðyÞ

f GðyjbÞ
¼ y�

aGðyjbÞ
f GðyjbÞ

py, (2.4)

where

aGðyjbÞ ¼
Z y

0

exp
�mðy� yÞ

b

� �
dFGðyjbÞ. (2.5)

It should be noted that under Assumption [A1], for y4b,

jGðyÞ ¼

R y

0 ye
my=bdGðyÞR y

0 e
my=bdGðyÞ

¼

R b

0 ye
my=bdG ðyÞR b

0 emy=b dGðyÞ
¼ jGðbÞ. (2.6)

The minimum Bayes risk of this estimation problem is then given by

RðG;jGÞ ¼ EðY ;YÞ½jGðY Þ �Y�2. (2.7)

Note that the Bayes estimator jGðyÞ is a functional of the prior distribution G which is unknown. Therefore,
it is impossible to implement jG for practical application. However, when a sequence of past data is available,
we can estimate some related quantities by part of past data. In the following, we study the estimation problem
by the empirical Bayes approach.
3. Empirical Bayes estimator

For the empirical Bayes framework, at stage i, we let X i1; . . . ;X im be a sample of size m arising from a
two-parameter exponential distribution with p.d.f pðxjyi;bÞ, where yi is a realization of a positive random
variable Yi. Here, it is assumed that Yi are iid and follow the unknown prior distribution G fulfilling
Assumption A. Let Y i ¼ minðX i1; . . . ;X imÞ and W i ¼

Pm
j¼1X ij �mY i. Thus, ðY i;W i;YiÞ, i ¼ 1; 2; ::: are iid

copies of ðY ;W ;YÞ, where ðY i;W iÞ, i ¼ 1; 2; . . . ; are observable, but Yi are not observable. Let
Y
�
ðnÞ ¼ ðY 1; . . . ;Y nÞ, W

�
ðnÞ ¼ ðW 1; . . . ;W nÞ. At the present stage, say stage nþ 1, ðY

�
ðnÞ;W

�
ðnÞÞ stands for the

n past data and ðY nþ1;W nþ1Þ denotes the present random observation. Let ynþ1 be a realized value of the
current random guarantee lifetime parameterYnþ1. We attempt to estimate ynþ1 by using the current observed
value Y nþ1 ¼ y and the past data ðY

�
ðnÞ;W

�
ðnÞÞ. Thus, an empirical Bayes estimator jnðyÞ � jnðy;Y�ðnÞ;W� ðnÞÞ is

an estimator of ynþ1 based on the current observation Y nþ1 ¼ y and the past data ðY
�
ðnÞ;W

�
ðnÞÞ. The Bayes risk

of jn is

RðG;jnÞ ¼ EnEðY nþ1;Ynþ1Þ½jnðY nþ1Þ �Ynþ1�
2, (3.1)

where the expectation En is taken with respect to ðY
�
ðnÞ;W

�
ðnÞÞ. Since RðG;jGÞ is the minimum Bayes risk,

RðG;jnÞ � RðG;jGÞX0 for all n. Naturally, this nonnegative regret is thus often used as a measure of
performance of the empirical Bayes estimator jn. An empirical Bayes estimator jn is said to be asymptotically
optimal, relative to the prior distribution G, at a rate en if RðG;jnÞ � RðG;jGÞ ¼ OðenÞ, where feng is a
sequence of positive, decreasing numbers such that it converges to zero.

In the following, we seek a way to construct empirical Bayes estimators possessing the desired
asymptotic optimality. The proposed empirical Bayes estimator will mimic the form of the Bayes estimator
jG given in (2.4)–(2.5). Therefore, we need to estimate the parameter b and the two functions aGðyjbÞ
and f GðyjbÞ.

Estimation of b: Note that W 1; . . . ;W n are mutually independent and 2W i=b follows w2ð2ðm� 1ÞÞ. So,
2ðW 1 þ � � � þW nÞ=b follows w2ð2nðm� 1ÞÞ. Define bn ¼ ðW 1 þ � � � þW nÞ=nðm� 1Þ. Hence, 2nðm� 1Þbn=b
follows w2ð2nðm� 1ÞÞ. Therefore, En½bn� ¼ b, VarðbnÞ ¼ b2=nðm� 1Þ.

En

1

bn

�
1

b

� �2
¼

nðm� 1Þ þ 2

b2½nðm� 1Þ � 1�½nðm� 1Þ � 2�
p

2

b2n
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and

En

1

bn

�
1

b

����
����

� �
p En

1

bn

�
1

b

� �2" #1=2
p

ffiffiffi
2
p

b
ffiffiffi
n
p .

Also, note that bn and Y
�
ðnÞ are independent.

Let K be a kernel function satisfying the following conditions:
ðK1Þ
 Support of K ¼ ½0; 1�,Z (

ðK2Þ
1

0

x‘KðxÞ dx ¼
1 if ‘ ¼ 0;

0 if ‘ ¼ 1; . . . ; r� 1;
ðK3Þ
 jKðxÞjpk0 for all x.
Estimation of aGðyjbÞ and f GðyjbÞ:
For its simplicity, taking hn ¼ h, define

anðyÞ ¼
1

n

Xn

j¼1

exp
�mðy� Y jÞ

bn

� �
Iðy� Y jÞ,

f nðyÞ ¼
1

nh

Xn

j¼1

K
Y j � y

h

� �
, ð3:2Þ

where fh � hng is a positive sequence which decreases to zero. The exact value of h will be given later. From
Lemma A.1, we have
(a)
 jEnf nðyÞ � f GðyjbÞjpc1h
r, where c1 ¼ k0=r! supfjf ðrÞG ðyjbÞj; y40go1 under Assumption [A2].
(b)
 Varðf nðyÞÞpc2=nh, where c2 ¼ mk2
0=b (k0 is given by ½K3� ).ffiffiffip ffiffiffip
(c)
 jEnanðyÞ � aGðyjbÞjpyc3= n where c3 ¼ m 2=b.
(d)
 VarðanðyÞÞp
expð�nc4Þ

n
þ

aGðyjbÞ
n

, (3.3)
where c4 ¼ ðm� 1Þð1� ln 2Þ. Then, anðyÞ and f nðyÞ are consistent estimators of aGðyjbÞ and f GðyjbÞ,
respectively. By mimicking the form of the Bayes estimator jGðyÞ of (2.4), we propose an empirical Bayes
estimator jn

nðyÞ as follows:
For Y nþ1 ¼ y

jn

nðyÞ ¼
y�

anðyÞ

f nðyÞ
_ 0

� �
^ y

� �
for 0oypb;

jn
nðbÞ for y4b:

8><
>: (3.4)

The Bayes risk of jn
n is

RðG;jn

nÞ ¼ EnEðY nþ1;Ynþ1Þ½j
n

nðY nþ1Þ �Ynþ1�
2. (3.5)

4. Asymptotic optimality

Without loss of generality, we may assume that b � supfy40jgðyÞ40g41. The proposed empirical Bayes
estimator jn

n then possesses the following asymptotic optimality.

Theorem 4.1. Assume the prior distribution G fulfilling Assumptions [A1]–[A2]. Then, the empirical Bayes

estimator jn
n is asymptotically optimal in the sense that RðG;jn

nÞ � RðG;jGÞ ¼ Oðn�2r=ð2rþ1ÞÞ.
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Proof. From (2.7),(3.5) and by noting that for yXb, jGðyÞ ¼ jGðbÞ and jn
nðyÞ ¼ jn

nðbÞ, the regret of the
empirical Bayes estimator jn

n can be expressed as follows:

RðG;jn

nÞ � RðG;jGÞ ¼ EnEY nþ1
½jn

nðY nþ1Þ � jGðY nþ1Þ�
2

¼

Z 1

0

En½jn

nðyÞ � jGðyÞ�
2f GðyjbÞdy

þ

Z b

1

En½jn

nðyÞ � jGðyÞ�
2f GðyjbÞdy

þ En½jn

nðbÞ � jGðbÞ�
2½1� FGðbjbÞ�

¼ IðnÞ þ IIðnÞ þ IIIðnÞ. ð4:1Þ

From (2.4), 0paGðyjbÞ=f GðyjbÞpy. For each 0oypb and for 1olp2, it follows from Lemma A.2 (see
Appendix) that

En½jn

nðyÞ � jGðyÞ�
2 ¼ En y�

anðyÞ

f nðyÞ
_ 0

� �
^ y

� �
� y�

aGðyjbÞ
f GðyjbÞ

� �� �2

¼ En

anðyÞ

f nðyÞ
_ 0

� �
^ y�

aGðyjbÞ
f GðyjbÞ

� �2

py2�lEn

anðyÞ

f nðyÞ
_ 0

� �
^ y�

aGðyjbÞ
f GðyjbÞ

����
����
l

" #

p
2y2�l

f l
GðyjbÞ

fEn½janðyÞ � aGðyjbÞjl�

þ ð2yÞlEn½jf nðyÞ � f GðyjbÞj
l�g. ð4:2Þ

Substituting (4.2) into IðnÞ of (4.1), and by Lemma A.1, we obtain

IðnÞ ¼

Z 1

0

En½jn

nðyÞ � jGðyÞ�
2f GðyjbÞdy

p
Z 1

0

2y2�l

f l�1
G ðyjbÞ

�
expð�lnc4=2Þ

nl=2
dyþ

Z 1

0

2y2�l

f l�1
G ðyjbÞ

�
al=2G ðyjbÞ

nl=2
dy

þ

Z 1

0

2y2�l

f l�1
G ðyjbÞ

�
cl3y

l

nl=2
dyþ

Z 1

0

8y2

f l�1
G ðyjbÞ

�
c
l=2
2

ðnhÞl=2
dy

þ

Z 1

0

8y2hlrcl1

f l�1
G ðyjbÞ

dy

¼
X5
i¼1

IiðnÞ. ð4:3Þ

Note that for each 0oyo1, under Assumption [A1]

f GðyjbÞ ¼
Z y

0

m

b
e�mðy�yÞ=bgðyÞdyXgð1Þ

Z y

0

m

b
e�mðy�yÞ=b dy

¼ gð1Þ½1� e�my=b�X
gð1Þmy

3b
¼ c5y, ð4:4Þ

where c5 ¼ mgð1Þ=3b.
Substituting (4.4) into I1ðnÞ, we have

I1ðnÞp
exp �lnc4=2
� �

nl=2

Z 1

0

2y2�l

yl�1cl�15

dy ¼
exp �lnc4=2
� �

nl=2cl�15 ð2� lÞ
. (4.5)
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Also, since 0paGðyjbÞ=f GðyjbÞpy, we have,

I2ðnÞ ¼
2

nl=2

Z 1

0

y2�l

f
l=2�1
G ðyjbÞ

aGðyjbÞ
f GðyjbÞ

� �l=2

dyp
2

nl=2

Z 1

0

y2�lyl=2f
1�l=2
G ðyjbÞdy

p
2

nl=2

Z 1

0

f
1�l=2
G ðyjbÞdyp

2

nl=2
, ð4:6Þ

I3ðnÞp
2cl3
nl=2

Z 1

0

y2

ðc5yÞ
l�1 dyp

2cl3
nl=2cl�15

, (4.7)

I4ðnÞp
8c

l=2
2

ðnhÞl=2

Z 1

0

y2

ðc5yÞ
l�1 dyp

8c
l=2
2

ðnhÞl=2cl�15

, (4.8)

I5ðnÞp8hlrcl1

Z 1

0

y2

ðc5yÞ
l�1 dyp

8hlrcl1
cl�15

. (4.9)

Combining (4.4)–(4.9), it follows that

IðnÞ ¼ O
expð�lnc4=2Þ

nl=2ð2� lÞ

� �
þOððnhÞ�l=2Þ þOðhlr

Þ. (4.10)

Under Assumption [A.1], for each 1pypb,

f GðyjbÞ ¼
Z y

0

m

b
e�mðy�yÞ=bgðyÞdy ¼

m

b
e�my=b

Z y

0

emy=b dGðyÞ

X
m

b
e�mb=b

Z 1

0

emy=b dGðyÞ � c640. ð4:11Þ

Taking l ¼ 2, and substituting (4.2) into IIðnÞ, again it follows from Lemma A.1 that

IIðnÞp
Z b

1

2

f GðyjbÞ
�

expð�nc4Þ

n
dyþ

Z b

1

2

f GðyjbÞ
�

aGðyjbÞ
n

dyþ

Z b

1

2

f GðyjbÞ
�

c23y
2

n
dy

þ

Z b

1

8y2

f GðyjbÞ
�

c2

nh
dyþ

Z b

1

8y2h2rc21
f GðyjbÞ

dy

¼
X5
i¼1

IIiðnÞ. ð4:12Þ

By (4.11),

II1ðnÞp
2b expð�nc4Þ

nc6
, (4.13)

II2ðnÞ ¼
1

n

Z b

1

2aGðyjbÞ
f GðyjbÞ

dy ¼
1

n

Z b

1

2ydyp
b2

n
, (4.14)

II3ðnÞp
2c23
nc6

Z b

1

y2 dyp
c23b

3

nc6
, (4.15)

II4ðnÞp
8c2

nhc6

Z b

1

y2 dyp
3c2b

3

nhc6
, (4.16)

II5ðnÞp
c21h

2r

c6

Z b

1

8y2 dyp
3h2rc21b

3

c6
. (4.17)
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Combining (4.12)–(4.17) it yields that

IIðnÞ ¼ OððnhÞ�1Þ þOðh2r
Þ. (4.18)

Let c7 ¼ 1� FGðbjbÞ. Thus,

IIIðnÞ ¼ En½jn

nðbÞ � jGðbÞ�
2c7 ¼ En

anðbÞ

f nðbÞ
_ 0

� �
^ b�

aGðbjbÞ
f GðbjbÞ

� �2
c7

p
2

f 2
GðbjbÞ

fEn½anðbÞ � aGðbjbÞ�2 þ 4b2En½f nðbÞ � f GðbjbÞ�
2g

p
2

c26

expð�nc4Þ

n
þ

aGðbjbÞ
n
þ

c23b
2

n
þ

b2c2

nh
þ b2c21h2r

� �
¼ OððnhÞ�1Þ þOðh2r

Þ. ð4:19Þ

Taking (4.1), (4.10), (4.18) and (4.19) together it leads to RðG;jn
nÞ � RðG;jGÞ ¼ Oðexpð�lnc4=2Þ=

nl=2ð2� lÞÞ þOððnhÞ�l=2Þ þOðhlr
Þ. If we choose h ¼ n�1=ð2rþ1Þ and l ¼ ln ¼ 2ð1� 1= ln nÞ, then, RðG;jn

nÞ�

RðG;jGÞ ¼ Oðn�2r=ð2rþ1ÞÞ. &

5. Concluding remark

Both Singh and Prasad (1989) and Prasad and Singh (1990) have investigated empirical Bayes estimators for
the guarantee lifetime parameter y in the two-parameter exponential distributions when b is known. Prasad
and Singh (1990) have proved that their proposed empirical Bayes estimator jPS

n possesses the asymptotic
optimality; however, the corresponding rate of convergence has not been studied. Singh and Prasad (1989)
have studied an empirical Bayes estimator jSP

n . Under the assumption that f GðyjbÞ is r-times differentiable and
jyjpa for some known finite a ( see Singh and Prasad, 1989; Prasad and Singh, 1990), they have shown that
jSP

n is asymptotically optimal with a rate

RðG;jSP
n Þ � RðG;jGÞ ¼ Oððn�r=ðrþ1Þ ln ln nÞ1=2�eÞ (5.1)

for e40. From (5.1), it can be seen that the best possible rate for jSP
n is Oððn�1 ln ln nÞ1=2Þ when r is sufficiently

large. In this paper, we extend this empirical Bayes estimation problem to the case that b is unknown. The
achievable rate of convergence of our proposed empirical Bayes estimator jn

n is Oðn�2r=ð2rþ1ÞÞ, which is faster
than that of jSP

n .
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Appendix A. Appendix A
Lemma A.1. Suppose Assumptions [A1]–[A2] hold. Then,
(a)
 jEnf nðyÞ � f GðyjbÞjpc1h
r, where c1 ¼ ðk0=r!Þ supfjf

ðrÞ
G ðyjbÞj; y40go1.
(b)
 Varðf nðyÞÞpc2=nh, where c2 ¼ mk2
0=b.ffiffiffip ffiffiffip
(c)
 jEnanðyÞ � aGðyjbÞjpyc3= n where c3 ¼ m 2=b.

(d)
 VarðanðyÞÞp expð�nc4Þ=nþ aGðyjbÞ=n, where c4 ¼ ðm� 1Þð1� ln 2Þ.

For 0olp2.

(e)
 En½jf nðyÞ � f GðyjbÞj

l�pðc2=nhÞl=2 þ ðc1h
r
Þ
l. ffiffiffip
(f)
 En½janðyÞ � aGðyjbÞjl�pðexpð�nc4Þ=nÞl=2 þ ðaGðyjbÞ=nÞl=2 þ ðyc3= n Þl.
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be obtained through a straightforward computation. It remains to show only parts (c) and (d).

Proof. (e) and (f) can be obtained from (a), (b), (c) and (d) and an application of C -inequality. (a) and (b) can

(c) Note that bn and Y
�
ðnÞ are independent. Also, je�x � e�yjpjx� yj for x40, y40. Thus,

jEnanðyÞ � aGðyjbÞj

¼

Z y

0

Ene
�mðy�tÞ=bn dF GðtjbÞ �

Z y

0

e�mðy�tÞ=b dF GðtjbÞ
����

����
p
Z y

0

mðy� tÞEn

1

bn

�
1

b

����
����

� �
dF GðtjbÞ

p
Z y

0

mðy� tÞ

ffiffiffi
2
p

b
ffiffiffi
n
p dF GðtjbÞ

p
ffiffiffi
2
p

my

b
ffiffiffi
n
p ¼

yc3ffiffiffi
n
p .

(d) Note that anðyÞ ¼ ð1=nÞ
Pn

j¼1 expð�mðy� Y jÞ=bnÞIðy� Y jÞ. Recall that Y 1; . . . ;Y n and bn are mutually
independent. Thus, given bn, expð�mðy� Y jÞ=bnÞIðy� Y jÞ, j ¼ 1; . . . ; n, are iid. So, the conditional variance
of anðyÞ given bn is

VarðanðyÞjbnÞ ¼
1

n
Var exp

�mðy� Y jÞ

bn

� �
Iðy� Y jÞjbn

� �

p
1

n
En exp

�2mðy� Y jÞ

bn

� �
Iðy� Y jÞjbn

� �
.

Hence,

VarðanðyÞÞ ¼ En½VarðanðyÞjbnÞ�

p
1

n
EnEn exp

�2mðy� Y jÞ

bn

� �
Iðy� Y jÞjbn

� �

¼
1

n
En exp

�2mðy� Y jÞ

bn

� �
Iðy� Y jÞ

� �

¼
1

n

Z y

0

En½e
�2mðy�tÞ=bn �dFGðtjbÞ,

where

En exp
�2mðy� tÞ

bn

� �� �

¼ En exp
�2mðy� tÞ

bn

� �
I

1

b
�

2

bn

� �� �
þ En exp

�2mðy� tÞ

bn

� �
I

2

bn

�
1

b

� �� �
� Aðy; nÞ þ Bðy; nÞ.

For 0otoy,

Aðy; nÞpP
1

b
�

2

bn

40

	 

¼ P

bn

b
� 141

	 

p expð�nðm� 1Þ½1� ln 2�Þ ¼ expð�nc4Þ,

where the inequality is obtained by an application of Lemma 4.1 of Liang (1997) and the fact that
2nðm� 1Þbn=b follows w2ð2nðm� 1ÞÞ;

Bðy; nÞ ¼ En exp
�2mðy� tÞ

bn

� �
I

2

bn

�
1

b

� �� �
p exp

�mðy� tÞ

b

� �
.
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Therefore,

VarðanðyÞÞp
1

n

Z y

0

exp �nc4ð Þ þ exp
�mðy� tÞ

b

� �� �
dF GðtjbÞ

p
expð�nc4Þ

n
þ

aGðyjbÞ
n

: &

The following Lemma is from Singh (1977).

Lemma A.2. For a pair of random variables ðY ;ZÞ and real values y, za0, 0oco1 and 0olp2,

E
Y

Z
�

y

z

����
���� ^ c

� �l
p

2

zj jl
E Y � y
�� ��lh i

þ
y

z

��� ���þ c
� �l

E Z � zj jl
 �	 


.
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